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Probabilistic Analysis of Composite Structure Ultimate Strength
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A practical system reliability-based technique is proposed for probabilistic estimation of the ultimate strength of
composite structures. Important component failure sequences to system failure are identi� ed using a fast branch
and bound search procedure. Ply-level failure modes such as matrix cracking, � ber failure, and delamination
are considered, and system degradation due to progressive failure and load shedding is modeled. The system
failure probability is computed using the dominant failure sequences. The correlation between failure sequences
is exploited to achieve computational ef� ciency. The variation of system failure probability with accumulating
damage and load shedding is investigated to de� ne the critical damage accumulation. The proposed methodology
is applied to the analysis of a composite wing structure.

I. Introduction

C OMPOSITE materials are being widely used in modern struc-
tures, such as aircraft and space vehicles, due to high perfor-

mance and light weight. Considerable research on the design and
failure analysis of composite structures is being conducted.The re-
sults of experimental and analytical studies show that composite
materials have large statistical variations in their mechanical prop-
erties. Therefore, probabilistic analysis has to play an important
role in structural assessment. This paper presents a � nite-element-
based procedure for the estimation of system reliability of compos-
ite structures and applies it to a composite aircraft wing analysis.
The proposed method assesses the structural strength by combining
progressive failure analysis and system reliability techniques.

Composite laminate failure may be considered in two major
stages, � rst ply failure (FPF) and last ply failure (LPF). FPF usu-
ally corresponds to the commencement of matrix cracking failure;
structural ultimate failure or LPF consists of a series of the ply-
level component failures, such as matrix cracking, delamination,
and � ber breakage, from the � rst one to last one. Methods such as
the � rst-order reliability method (FORM) or the second-order reli-
ability method (SORM) may be combined with � nite element anal-
ysis to compute the component failure probability. Several earlier
studies, for example, Refs. 1 and 2, have computed the FPF proba-
bility using FORM. However, because there is signi� cant residual
capacityafter the FPF, this paperpursues the system-levelreliability
computation technique to assess the ultimate strength.

In this paper, a composite structure is treated as a system, and
ply-level failure modes, namely, matrix cracking, � ber breakage,
and delamination, are treated as components. The system failure
is caused by a series of ply-level component failures. Generally,
there exists a large number of failure sequences consisting of these
components. Of these, a few dominant sequences may be identi-
� ed, and the system failure probabilitymay be approximatedby the
probability of union of the dominant sequences.

The branch and bound method may be employed to search for
the signi� cant system failure sequences. Earlier attempts3 at using
the system reliabilitytechniquehave used the ply dropoff technique,
where theentireply strengthis disregardedaftera componentfailure
such as matrix cracking. This paper considers the residual strength
of the ply after matrix cracking. When each component failure oc-
curs, the structural stiffness is modi� ed to account for this damage,
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and the damaged structureis reanalyzed.This proceedsuntil system
failure occurs. Based on the identi� ed signi� cant failure sequences,
the system failure probability is determined by means of bounding
techniques.

Such a strategy has been extensively applied to frame and truss
structures, but becomes computationally time consuming for con-
tinuum structures such as an aircraft wing with numerous � nite ele-
ments. However, in compositestructures,multiple failure sequences
tend to be highly correlated. Even within a single sequence, high
correlations exist among several component failures.4;5 This paper
proposesa fastbranchandboundtechniquethat includesthecorrela-
tion information between component failures and failure sequences
to enumerate rapidly the signi� cant failure sequences in composite
structures.

Thus, this paper develops a practical method for the ultimate
strengthfailureprobabilityestimationof composite laminatedstruc-
tures. Several strategies are proposed for improving the ef� ciency
of such computation. The correlation between component failures
is exploited to develop a fast branch and bound search procedure.
Ply-level failure modes such as matrix cracking, � ber failure, and
delamination are considered, and system degradation due to pro-
gressive failure and load shedding is modeled. The system failure
probability is computed using the dominant failure sequences to
achieve computational ef� ciency. The correlation between failure
sequences is used to develop a weakest link approximation. The
variation of system failure probability with accumulating damage
and load shedding is investigatedto de� ne the critical damage accu-
mulation. The proposed method is applied to the ultimate strength
failure probability analysis of a composite aicraft wing.

II. Probabilistic Progressive Failure Analysis
Three principal ideas form the basis of progressive failure and

load-sheddinganalysis of composite structures:
1) When a ply sustains failure, its stiffness in corresponding di-

rections is reduced. The damaged ply continues to contribute to the
overall stiffnessof the laminateunlessit hascompletelydelaminated
from the rest of the structure. Thus, the stiffness matrix is modi� ed
corresponding to the type of ply-level failure, and the structure is
reanalyzed for increasing loading until the next failure. The process
is repeated until total failure of the entire laminate.

2) Under the in� uence of external loads, composite laminates
suffer permanent loss of integrity or damage due to the formation
of microcracks. The stress analysis of a composite laminate with
thousands of small cracks is intractable. Alternatively, a procedure
that takes the effect of microcracks into account in an average sense
is desirable. The damaged material with many microcracks may be
replaced with an equivalent material of degraded properties.

3) Macro-level strength failure criteria, such as maximum
stress/strain and those of Tsai and Wu,6 Hoffman,7 Lee,8 Tan,9

Reddy and Reddy,10 etc., are widely used in progressive failure
analysis. In this paper, Lee’s8 simple criteria are used to derive the
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component-levelperformance functions for the sake of illustration,
as follows.

For � ber breakage:

g f D 1 ¡ ¾1=XT ; ¾1 > 0

g f D 1 C ¾1=XC ; ¾1 < 0 (1)

For matrix cracking:

gm D 1 ¡
¡
¾ 2

2

¯
YT YC C ¾ 2

12

¯
S2

¢
(2)

For delamination:

gd D 1 ¡ .1=Sz/
2
¡
¾ 2

23 C ¾ 2
31

¢
(3)

In the preceding equations, XT and XC are the tensile and com-
pressive strengths in the � ber direction, YT and YC are the tensile
and compressive strengths in the direction transverse to � bers, and
S and Sz are the shear strengths in x – y plane and in z direction,
respectively. In Eqs. (1–3), g < 0 indicates the failure of the com-
ponent, g > 0 indicates the survival of the component, and g D 0 is
referred to as the limit state.

When � ber failure occurs, the ply stiffness terms contributed by
the � ber (related to material direction1) are modi� ed to account for
� ber breakage.That is, the moduli E11 , G12, and G31 are reduced to
zero. When matrix cracking occurs, the ply stiffness terms related
to material direction 2 are modi� ed to re� ect matrix cracking. That
is, the moduli E22 , G12 , and G23 are reduced to zero. When de-
lamination failure occurs, the ply stiffness terms related to material
direction 3, that is, the moduli G23 and G31 , are reduced to zero. In
this paper, ANSYS is used for � nite element analysis. The values
of the relevant moduli are changed in the ANSYS data� le to model
the correspondingfailure during progressive failure analysis.

The proposed method for probabilistic progressive failure anal-
ysis uses the � rst-order shear deformation theory for laminated or-
thotropic plates. That is, normals to the centerplane are assumed
to remain straight after deformation, but not necessarily normal to
the centerplane.The ply stresses along the material axes can be ob-
tained using � nite element analysis. Then, they are substituted into
a strength failure criterion for the reliability analysis of ply-level
component failure modes.

The proposed analysis proceeds in the following manner. The
basic random variables are determined � rst, which usually include
material properties, strength properties, loads, ply orientations,and
ply thicknesses. These are input to the structural stress analysis,
for example, a � nite element code. The computed stress results are
inserted into componentperformance functions to estimate the fail-
ure probabilitiesof components.The componentwith higher failure
probabilityis assumedto fail beforetheonewith lowerfailureproba-
bility.Componentfailure is modeledby changingthe corresponding
terms in the stiffness matrix before reanalysis in the next iteration.
The damaged structure is reanalyzed, and more failures are consid-
ered progressively,until the entire system collapses.Thus, a failure
sequence is enumerated. Because numerous failure sequences are
possible, the branch and bound method may be used to enumerate
the signi� cant failure sequences, as follows.

The branch and bound method has two operations.In the branch-
ing operation, starting from the intact structure, failure is imposed
at the most likely location as indicated by the reliability analysis
of all of the components. The structure is reanalyzed with the im-
posed failure, and the next failure is imposed at the location with
the highest path probability. This process is repeated until a com-
plete failure sequence is obtained. The bounding operation discards
insigni� cant failure sequences, that is, sequences with path prob-
ability lower than a speci� ed cutoff value °Pf , where ° is chosen
by the analyst based on the required accuracy and P f is the system
failure probability. Because P f is unknown, it is replaced by the
maximum path probability P¤

f among the failure sequences already
identi� ed. The higher the value of ° , the smaller is the number of
signi� cant sequencesenumerated.After this enumeration, the prob-
ability of system failure is computed as the probability of union of
the signi� cant sequences, as described in the next section.

III. Failure Probability Computation
FORM/SORM may be used to compute the component failure

probability.11 The probabilisticallysigni� cant failure sequences are
identi� ed using the branch and bound method, described in Sec. IV.
System failure probability may be estimated through the union of
the signi� cant failure sequences.12

In the reliability evaluation, the stress resultants fN g, the stress
couplesfMg, and the strengthparameters XT , XC , YT , YC , and S are
consideredas the basic random variables.These basic random vari-
ables are expressed as a vector X D fX1; X2; : : : ; XmgT . In FORM,
the component reliability index ¯ corresponding to a failure mode
is computed as ¯ D .y¤T y¤/1=2 , where y¤ is the point of minimum
distance from the origin to the limit state g D 0 in the Y space,where
Y is the vector of equivalentuncorrelatedstandard normal variables
and y¤ is also referred to as the most probable point (MPP). The
original random variables X may have any continuous distribution,
and some of them may have statistical correlation.Several methods
are available to transform the variables from X space to Y space.11

In FORM, the � rst-order estimate of the failure probability is com-
putedas P.g · 0/ D 8.¡ ¯/, where 8 is thecumulativedistribution
function of a standard normal variable. In SORM, several methods
are available for the second-orderestimateof the failure probability,
making use of the curvature of the limit state at the MPP.

Once a signi� cant failure sequence is identi� ed by the branch
and bound method and the correspondingcomponent failure prob-
abilities are computed, the next task is to compute the probability
of failure of the overall sequence. If a failure sequence contains m
individual failure components, the failure probability P k

f of the kth
failure sequence can be computed as the probability of intersection
of its basic failure components, that is,

P k
f D P

¡
\m

j D 1 E k
j

¢
(4)

where E k
j is the j th basic failure event in the kth failure sequence

under the condition that the � rst . j ¡ 1/ basic failure events have
occurred.

The computation of Eq. (4) is complicated when the number of
components is large. Approximate bounding techniques are avail-
able for this purpose. The second-orderupper bound suggested by
Murotsu13 is an option for the estimation of the joint failure proba-
bility. It may be expressed as

P
¡

\m
j D 1 E j

¢
· min

i 6D j
[P.Ei \ E j /] (5)

Several other alternativesecond-orderupper bounds are available
in the literature.14;15 Also, higher-order bounds can be computed
using the multinormal integralmethoddevelopedby Gollwitzer and
Rackwitz.16 Monte Carlo sampling may also be used to compute the
joint failure probability. For the case of two linear component limit
states, the two-event joint probability in Eq. (5) may be computed
as

P.Ei \ E j / D 8.¡¯i ; ¡¯ j ; ½i j / (6)

where 8 is the normal distribution function, ¯i and ¯ j are the reli-
ability indices, and ½i j is the correlation coef� cient computed as

½i j D
nX

r D 1

®ir ® jr (7)

where ®ir and ® jr are the components of the unit gradient vectors
of the limit states i and j .

If the component limit states are nonlinear, the two limit state
functions are linearized with respect to their intersection, which is
found from the constrained minimization problem:

minimize
p

YT Y

such that G1.Y/ D 0; G2.Y / D 0 (8)

Various optimization schemes can be used to solve this problem;
the optimizationfeature available in the ANSYS � nite element soft-
ware (used for structural analysis) is used in this paper to perform
the preceding optimization. Next, the correlation coef� cient ½ can
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be obtained by the product of the unit vectors using Eq. (7). Then,
Eq. (6) can be used to evaluate the joint failure probability.

IV. Proposed Method
The method outlined in Secs. II and III is applicable in general to

the probabilistic ultimate strength analysis of any structure. In the
past, it has been applied to frame and truss structures.However, this
procedure is computationally time consuming for large structures
with many components. In the case of an aircraft wing where the
structural analysis is carried out through a � nite element code with
numerous � nite elements, such a method is quite tedious.However,
in the case of composite structures,the brittlenessof the failures and
the correlationbetween differentfailures and sequencescan be used
advantageouslyto introduceseveral techniquesand approximations
that make the method ef� cient and practical. These are investigated
in this section.

A. Fast Branch and Bound Method
When there are a large number of components in a structural

system, which is the case for composite structures, the basic branch
andboundmethoddescribedin Sec. II becomes time consumingand
tedious in searching for important failure sequences. In the original
method, only one component failure is imposed at each damaged
stage so that a large number of steps is required to complete a failure
sequence. This makes the basic branch and bound method dif� cult
to apply in practice.

The following strategy may be used to speed up the enumera-
tion procedure. The different component limit states share many
common random variables related to loading and material proper-
ties. Therefore, there is correlationamong the componentlimit state
functions in any structure. This implies that, if a component fails,
then other components that are highly correlated with this compo-
nent may also fail subsequentlywith high probability.Therefore, in
the failure sequence enumeration, several component failures (in-
stead of only one failure) may be imposed together as a group at
each damage stage.

For a group of strongly correlated components, the component
having the highest failure probabilityis selected to be representative
of the group at the current damage state. The failure probability for
the group of components is approximated by the failure probability
of the representativecomponent.All of the components in the group
are removed at the same time, and the structure is reanalyzed with
the remaining components.The other steps in the proposed method
are the same as that in the branch and bound method. This concept
of groupingcan drasticallyreduce the numberof damage states and,
hence, the number of structural reanalysis. Therefore, this method
may be referredto as a fastbranchand boundmethod.The savingsin
computationaleffort by using this strategywere studiedby Xiao and
Mahadevan5 for framed structures.It was found that for even a small
problem with 18 possible component failures, the fast branch and
bound method requires only 0.6% of the computational time taken
by the original branch and bound method. The savings in compu-
tational time grows with the size of the problem. The procedure is
described as follows.

At any damage state, assume that k ¡ 1 components have failed
and been removed and that n ¡ .k ¡ 1/ components are still intact.
The component k needs to be explored. A conditional probability
criterion is checked for the other n ¡ k components as

P.Ei=Ek/ ¸ ¸0; i D k C 1; : : : ; n (9)

where ¸0 is a given cutoff value; Ek is the event of failure of the
component k, Ei is the event of failure in the i th component among
the remaining n ¡ k components, and P.Ei =Ek / is the probability
of event Ei given that the event Ek has occurred.

If Eq. (9) is satis� ed for some components, then the components
are selected into a group that fails together at the next stage. The
failureprobabilityof this group is approximatelyequal to the largest
value among the component failure probabilities in the group.

To reduce the computational time in evaluating the conditional
probability in Eq. (9), an alternative formula was proposed by Xiao
and Mahadevan5 as

P.Ei / ¸ ¸0 P.Ek /; i D k C 1; : : : ; n (10)

where n is the number of limit states considered and P.Ei / and
P.Ek / are the probabilities of the individual events Ei and Ek ,
computed using FORM.11 When the value of ½i k , the correlation
coef� cient between the i th and kth limit states, is unity (perfect
correlation), Eq. (9) becomes Eq. (10). For cases where ½ik is less
than 1, Eq. (10) selects a larger failure domain than Eq. (9) because
P.Ei / is always greater than P.Ei \ Ek /. In other words, the limit
states that satisfy Eq. (9) are a fraction of those that satisfy Eq. (10).
The � ltering through Eq. (10) helps to avoid the estimation of the
joint probability integral for many unnecessarycombinationsof Ei

and Ek .
The higher the value of ¸ in Eq. (9), the lower is the number

of component failures for grouping in the fast branch and bound
method. Thus, for ¸ D 1, the fast branch and bound method will
become the original branch and bound method. Conversely, a lower
value of ¸ will add more component failures for grouping. Some
numerical investigation may be necessary for each structure to de-
termine the optimum value of ¸. A value of ¸ D 0:5 may be used as
an initial guess.

B. Deterministic Initial Screening
Any component failure could be the starting point of a failure se-

quence. However, in the branch and bound enumeration, only com-
ponent failureswith high probabilityof occurrenceare generally the
starting points of the dominant failure sequences. The computation
of component failure probabilitiesis described later.A performance
function g is de� ned for each component failure in terms of all of
the relevant random variables, such that g < 0 represents failure,
g > 0 represents survival, and g D 0 is referred to as the limit state.
The computationof the probability P.g < 0/ correspondingto each
component failure involves several iterations of structural analysis
to � nd the minimum distance point, as described subsequently.For
large structures with numerous components, this � rst step in fail-
ure sequence enumeration is quite time consuming. Therefore, an
ef� cient idea is to observe that the components with higher failure
probabilitiesare in general likely to have the g values closer to zero,
when the structure is analyzed at the mean values of the random
variables. Therefore, the starting points of the dominant failure se-
quences may be selected using deterministic structural analysis at
the mean values and by choosing only those component failures
with g values below a cutoff value. Note that this strategy is simply
to select the starting points of the sequences, not for the � nal prob-
ability computation.Therefore, it will provide signi� cant reduction
in computationaleffort, with minimal impact on the accuracyof the
probability result.

Note that the probability-basedcriterion for all component fail-
ures is much more rigorousand accounts for the variationin random
variable sensitivities. That is, some component failures that may
appear insigni� cant with a deterministic criterion may become sig-
ni� cant with a probabilistic criterion. Therefore, the deterministic
screening should be done carefully, so that probabilisticallysigni� -
cant events do not get discarded. In this paper, this screening is done
as follows. The limit state value, calculated at the mean values of
random variables, is used for selecting the 20 most likely compo-
nent failures at each stage. (In the numerical examples considered
in this paper, the components below the top 20 have very low fail-
ure probabilities.) Then, the 20 component failures are subjected to
probabilisticanalysis,and only the componentfailurewith the high-
est probability among these 20 is used to start the fast branch and
bound enumerationof the most probablefailure sequence.Thus, the
failure sequence enumeration is in fact probabilistic, except for the
initial screening to reduce the computational effort.

C. Weakest Link Model
In thecaseof compositelaminates,numericalstudies4 haveshown

that the various signi� cant failure sequences are very similar in the
list of failed components, which implies that there are strong cor-
relations among these failure sequences. For example, consider a
laminate as shown in Fig. 1, under plane stress loading. The sig-
ni� cant failure sequences are enumerated and shown in Fig. 2. The
numbers in the parentheses in Fig. 2 refer to the probabilities of
the failure events. It is seen that the sequences are very similar,
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and the system failure probability may be approximated using the
most probable sequence. Thus, it becomes reasonable to assume
the weakest link model as valid for laminated composites. In that
case, only one signi� cant failure sequence might provide an ade-
quate estimate of system failure probability. Therefore, instead of
enumerating many failure sequences, it may be adequate to stop
after the � rst signi� cant failure sequence is identi� ed. This pro-
vides tremendous savings in the computational effort of structural
reanalysis corresponding to numerous steps of progressive failure
in multiple sequences.

D. Critical Component Failure
Strictly speaking, a structural system failure is de� ned to be the

collapse of the entire structure. Previous investigation4 has shown
that a failure sequence from initial failure to system � nal failure in-
volves a large number of ply-levelcomponents.Thus, the search for
even a single complete sequence is quite time consuming. There-
fore, an approximateprocedureis proposedhere to avoid the tedious
and expensive computation.

It is assumed that there exists a critical component for the struc-
ture. This criticalcomponentshould have a failure probabilitymuch
lower than the other components that fail after the critical compo-
nent. The components with higher failure probabilities will easily
fail once the critical one fails. In other words, the critical compo-
nent failure is not far from the entire system failure. As a result,
the structural system failure can be approximatelyde� ned to be the
failure of the critical component.

The assumptionof a critical failure to approximatesystem failure
is quite reasonablefor composite structures.The overall probability
of the sequence is computed as the probabilityof intersectionof the
component events in that sequence. The probability of intersection
of severalevents is dominatedby the low probabilityevents,12 which
are usually present before the � rst critical failure. After this criti-
cal failure, the probabilitiesof subsequent failures are much higher,
thus not having a signi� cant contribution to the probabilitycompu-
tation. As an example, consider a plate structuremade of composite
laminates, as shown in Fig. 3. The probabilities of component fail-
ures along the failure sequence are shown in Fig. 4. It is seen that
after the � rst � ber failure (which has the lowest probability), the

Fig. 1 Composite laminate.

Fig. 2 Signi� cant failure sequences for the laminate.

Fig. 3 Composite plate with transverse loading.

Fig. 4 Ply-level failure probabilities vs progressive damage.
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Fig. 5 Flowchart of the proposed method.

probabilities of the subsequent events are signi� cantly increased.
The overall probability of the sequence is dominated by the low
probabilityevents up to the � rst � ber failure and is closely approxi-
mated by the probabilityof intersection of the � rst � ber failure and
a few matrix cracking failures immediately preceding it.17 There-
fore, considering probability computation, it appears adequate to
terminate the exploration of the failure sequence at the � rst critical
failure.

With the preceding assumption, a large amount of computation
after the failureof thecriticalcomponentcan be avoided,and thepre-
diction of ultimate failure probability will have adequate accuracy.
The grouping concept and the weakest link model of the preceding
two subsectionsprovide additional computational ef� ciency. Thus,
the proposed method may be summarized as follows:

1) Start from the intact structure. Calculate the values of perfor-
mance functions (g functions) for all of the componentsand sort the
values in descendingorder. Select the � rst several componentswith
small g values to be explored (20 in this paper), using a suitable
cutoff value for g.

2)Estimate thecomponentfailureprobabilityof the selectedcom-
ponents and arrange them in the descending order of probability
values. Select the component with the highest failure probability
and other components with high correlationto this � rst component.

3) Simulate the damage in the selectedcomponentsby modifying
the correspondingstructural stiffness terms, and reanalyze the dam-
aged structure to compute the failure probabilities of the remaining
components.

4) Repeat steps 2 and 3 until the critical component fails. A
� owchart of the proposed method is shown in Fig. 5.

V. Composite Aircraft Wing Analysis
An aircraft composite wing composed of skin and stringer com-

ponents and consisting of center, leading edge, and trailing edge is
shown in Fig. 6. The stringer is constructed in both longitudinaland
transversedirections.Figure 6 describesthe structuralgeometry and
loading of a composite wing, and the data are taken from Ref. 1,
where a probabilistic analysis of composite aircraft wing has been
reported.The � rst ply failure criteria were assumed in that study. In
this paper, the objective is to estimate the ultimate strength failure
probability.

In Fig. 6, the left end (section A–A) is � xed and the right end
(section B–B) is free. The air pressure is assumed to be triangu-
larly distributed along transverse direction of the wing and lin-
earlydistributedalong the longitudinaldirection.The ply-levelstiff-

Table 1 Structural variables

Variable Symbol Mean value

Elastic modulus E11 12.80 msi (88252.93 MPa)
Elastic modulus E22 0.87 msi (5998.44 MPa)
Elastic modulus E33 0.87 msi (5998.44 MPa)
Shear modulus G12 0.55 msi (3792.12 MPa)
Shear modulus G23 0.46 msi (3171.59 MPa)
Shear modulus G31 0.46 msi (3171.59 MPa)
Poisson ratio ¹12 0.26
Tensile strength; Eq. (1) X t 400.00 ksi (2757.90 MPa)
Compressive strength; Eq. (1) Xc 400.00 ksi (2757.90) MPa
Tensile strength; Eq. (2) Yt 15.00 ksi (103.42 MPa)
Tensile strength; Eq. (2) Yc 35.00 ksi (241.32 MPa)
Shear strength; Eq. (2) S12 13.00 ksi (89.63 MPa)
Shear strength; Eq. (3) Sz 13.00 ksi (89.63 MPa)
Ply thickness of skin hsk 0.02 in. (0.51 mm)
Ply thickness of stringer hst 0.08 in. (2.03 mm)
Peak pressure load qA 8.00 psi (55.16 kPa)

(section A–A)
Peak pressure load qB 7.20 psi (49.64 kPa)

(section B–B)

Table 2 Progressive damage of the composite aircraft wing

Damage Representative
state Failed components failure probability

First 852M ; 854M ; 864M ; 862M 0.2820
Second 372M ; 374M ; 874M ; 382M , 732M ; 974M 0.0903
Third 872M ; 494M ; 972M ; 254M ; 982M 0.0451
Fourth 984M ; 252M ; 504M ; 492M ; 264M 0.0338

734M ; 262M ; 384M
Fifth 742M ; 853M ; 392M ; 744M ; 884M 0.0156

892M ; 882M ; 863M
Sixth 994M ; 394M ; 502M 0.0036
Seventh 514M ; 132M ; 134M 0.0029
Eighth 373M ; 144M ; 752M ; 142M ; 274M 0.0010

851F ; 894M ; 855F

ness properties,material strengths,ply thicknessesand orientations,
and pressure loads are all assumed to be random variables. Their
mean values are indicated in Table 1. A laminate con� guration of
[0/¡45/90/45/0 deg] is used for the skin and (0 deg)5 for the stringer.
The statistical distributionof a variable is assumed to be lognormal
for the strengthparametersand normal for the rest, with a coef� cient
of variation of 0.10. A standard deviation of 2 deg is used for the
ply angles. The structure is modeled in ANSYS with 171 elements,
120 for skin and 51 for stringer, as shown in Fig. 7.

The methods of Sec. IV are used for ef� cient system reliability
analysis. For the fast branch and bound method, ¸ D 0:4 is used in
this example,onlyfor the sake of demonstration.The choiceof ¸ has
to be based on a tradeoff between accuracy and ef� ciency. A larger
value of ¸ reduces the number of failures in the grouping operation,
and, therefore, makes the computation more expensive, but more
accurate.For speci� c applications, the variation of failure probabil-
ity estimate and computational effort with ¸ may be investigated,
and an optimum value may be chosen.

The � rst signi� cant failure sequence identi� ed using the fast
branch and bound method is used for ultimate strength failure prob-
ability estimation, using the weakest link model. The following no-
tation is used to identify the ply-level failures: for example, 852M

stands for � nite elementnumber85, plynumber2, and matrix crack-
ing failure mode; 371F stands for � nite element number 37, ply
number 1, and � ber breakage failure mode. The computed results
are summarized in Table 2.

At each stage of damage, a few highly correlated components
are chosen to fail together. Structural failure proceeds through pro-
gressive damage accumulation as shown in Table 1. Damage ac-
cumulates in the zones near the � xed end and at the center of the
skin. The structure experiences eight stages of damage before ex-
periencing the � rst � ber failure. In the damage process, the failure
probability of each damage stage decreases with damage accumu-
lation up to � rst � ber breakage occurrence.Probabilistic analysis is
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Fig. 6 Composite aircraft wing: geometry and loading.

Fig. 7 Composite aircraft wing: � nite element model.

also carried out for the ninth damage stage. Its representativefailure
probability increases to 0:028, which is much higher than the one
before it. The variation of failure probability with the number of
component failures in shown in Fig. 8. It is seen that the failure
probability for the eighth damage stages is lowest, and at this stage
the � rst � ber breakage occurs. After this event, the failure probabil-
ities of the remaining components increase to signi� cantly higher
values.This indicatesthat the � rst � ber failure is likely to be a severe

or critical failure for the entire structure. After this critical event,
the structure will rapidly proceed to � nal failure. This implies that
the explorationof the failure sequence may be terminated after this
� rst severe failure.

The approximation of system failure with � rst � ber failure may
appear too conservative from a deterministic point of view. How-
ever, there is a very good reason to terminate the failure sequence
at this stage, due to the computation of intersection probability, as
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Fig. 8 Ply level failure probabilities with progressive damage.

mentioned in Sec. IV.D. In the present problem, the events corre-
sponding to the sixth, seventh, and eighth damage stages are the
most dominant. It is seen that failures after the � rst � ber failure
have much higher probability, and, therefore, will not affect the in-
tersection probability computation. Therefore, there is no need to
explore the sequence any further, for the example considered here.
For other structures, if the � rst � ber failure assumption is consid-
ered too conservative, the failure sequence may be explored further
to see if there are other failure events with lower probabilities.

Three damage levelswith the lowest failureprobabilities,namely,
the sixth, seventh, and eighth damage levels, dominate the compu-
tation of the system failure probability. The computed correlation
coef� cient matrix between the limit states representing these three
events is

[½i j ] D

2

4
1 : : : sym

0:99 1 : : :

0:71 0:70 1

3

5 (11)

The correspondingindividualeventfailureprobabilitiesand thetwo-
event joint failure probabilities are obtained as

[Pi j ] D

2

4
0:0036 : : : sym

0:0026 0:0029 : : :

0:0003 0:0003 0:001

3

5 (12)

where Pi j refers to the joint probability of the i th and j th failures
(the off-diagonal terms in the matrix). The diagonal terms in the
matrix, i D j , refer to the individual failure probabilities.

Using only the two-event joint probabilities, the second-order
upper bound formula suggested by Murotsu13 is used to estimate
the system failure probability as

P f D 2:977 £ 10¡4 (13)

Using the three-event joint probability, the third-order estimate
for the system failure probability is obtained as

P f D 2:957 £ 10¡4 (14)

These two results are quite close to each other, as expected. For
this reason, most system reliabilitystudies report only second-order
estimates.

VI. Conclusions
In this paper, a system reliabilityanalysisprocedure is developed

for the probabilisticultimate strengthestimationof compositestruc-
tures and is applied to the analysisof a composite aircraft wing. The
fastbranchandboundmethod,usingthe groupingconcept,is used to
speed up the search for the signi� cant failure sequences.The failure
sequences show high correlation, making it feasible to use the � rst
signi� cant sequence for a good approximation to the system failure
probability.The system failure probability is approximatedthrough
a second-orderboundof the probabilityof this signi� cant sequence.
Because the intersectionprobabilityof the sequenceis dominatedby
a few low-probability events, a critical component failure, such as
� ber failure, may be identi� ed for a composite structure and system
failure de� nition could be approximated as the occurrence of this
event. These practical approximationsmay provide a good balance
between accuracy, ef� ciency, and conservatism.
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